Derivation of phase velocity solution for elastic wave propagating in VTI
As illustrated in Fig. 1 in main text, for the case of a P-wave propagating in x-z plane impinging on a plane interface at z=0 between two VTI media with elastic stiffness 
and in the absence of body forces, Christoffel equation can be written as [1, 2, 3] 
giving the phase velocity solutions of P-wave, SV-wave, and SH-wave, described by Eq. (11) in main text and by
Polarization coefficients for inhomogenous wave and expressions for inhomogenous refracted P-wave.
For the incident P-wave and the four induced waves propagating in x-z plane (see Fig.  1 in main text), Eq. (S2) can be simplified as
which leads to (14) and (15) in main text; here, the superscript '﹡' is the conjugate operator.
From Eqs. (14) and (15) in main text, the modulus of the polarization coefficients can be written by
For the incident P-wave and all homogeneous induced waves, the coefficients ( ) are purely real. So that Eqs. (S9) and (S10) can be simplified as Eqs. (16) and (17) in main text.
The refracted P-wave becomes as an inhomogenous wave for (0) (2) ( ,90 ] c θ θ ∈ o and its polarization coefficients are derived in following. The Poynting vectors of the incident P-wave and the four induced waves propagating on x-z plane can be written as [2] ( )
where the symbol ' ⋅ ' is the dot product operator of matrix operation; ( ) m V r and ( ) m T t are the particle displacement velocity vectors and the stress tensors of the incident P-wave and the four induced waves, respectively.
Substitution of Eqs. (6)-(10) in main text and Eq. (S1) into the relation,
, of the stress versus the particle displacement [2] leads to the stress-components with respect to the z-components of Poynting vectors for the incident P-wave and the four induced waves. Then, bringing these stress-components and the time derivatives of Eqs. (6)-(10) in main text into Eq. (S11) results in
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sinθ is a real number which is greater than 1. The relation 2
(2) 
which is purely imaginary. Therefore, Eq. (8) in main text can be rewritten as
where (2) (2) (2) (2) 2 (2) (2) 2 (2) (2) 2 v are purely imaginary (see Fig. 2 and Fig.  3c,b in main text) and they abide by Snell's law (0) (2)
(S20) Therefore, Eq. (S17) can be rewritten as
where,
cosθ is a real number and the sign of (2) sinθ is taken positive to keep consistent with the sign of the phase velocity of the inhomogeneous refracted P-wave. Due to (2) (2) (0) 
is a positive real number and still expresses the attenuation of the inhomogeneous refracted P-wave increasing with |z|.
The physical meaning of (2) 1 α and (2) 2 α are the same. However, the differences between them are: (i) for the expression of (2) 1 α , (2) 1 v is take as the phase velocity solution of inhomegenous refracted P-wave, both (2) 1 v and
(2) sinθ are purely real, and
(2) cosθ is purely imaginary; (ii) for the expression of (2) 2 (2) ( ) (2) 2 ( ) (2) 2 1 4 4 3 3
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